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Abstract 
We firstly investigate the multipartite entanglement features of the quantum states, including the 
iteration states achieved by repeated application of Grover iteration and the Oracle ones into 
which the above iteration states evolve by applying single Oracle operation, employed in Grover’s 
search algorithm by means of the separable degree and the entanglement measure. Then we give 
the quantitative and qualitative descriptions of the entanglement dynamics in Grover’s search 
algorithm. Our results show that for most instances (i) the separable degrees of these states and 
ranges of their maximum Schmidt numbers are invariable by following the dynamics of Grover’s 
search algorithm; (ii) the dynamics of Grover’s search algorithm is almost “filled” by the fully 
entangled states. 
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I. Introduction 
A celebrated result in quantum computation [1] is the discovery of some quantum algorithms 
[2-5] able to solve problems faster than any known classical algorithm. One of such algorithms is 
Grover’s search algorithm [5] where a quadratic speedup over the best classical one is shown. 
However, what makes quantum computers powerful is yet not clear. But it is generally believed 
that quantum entanglement [6,7] plays a key role. Recently, Bruß and Macchiavello [8] have 
elucidated the role of multipartite entanglement [9] in some quantum algorithms including 
Grover’s search algorithm by studying the entanglement properties of the so-called real equally 
weighted states (REWS’s). They point out that multipartite entanglement is an important property 
in Grover’s search algorithm. Moreover, the paper [10] has qualitatively and completely 
investigated the entanglement properties of all n-qubit REWS’s by using the separable and similar 
degrees. However, most of current researches only consider the entanglement properties of the 
states achieved by applying one Oracle operation to the uniform superposition state. In this paper, 
we consider more states that occur by repeated application of Grover iteration or Oracle operation, 
and analyze their multipartite entanglement properties. Then we give the quantitative and 
qualitative descriptions of the entanglement dynamics in Grover’s search algorithm. 
In Grover’s search algorithm, the n-qubit states that occur after consecutively applying k Grover 
iterations G are of the form 
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where x  represent the computational basis states of n qubits, ( )f x  is the {0,1} {0,1}n →  
Boolean function that needs to be evaluated (Note that ( ) 1f x = if and only if x is one of 
solutions of the search problem) and 
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After applying single Oracle operationO , the iteration states shown in (1) are transferred into the 
Oracle ones 
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The states in (1) and (2) are of the form 
1 1
2
(0) (1)x f x f
a x b xψ
− −∈ ∈
≡ +∑ ∑ ,                            (3) 
where ,a b∈  and 2 1 2 1(0) (1) 1a f b f− −+ = . The above states will be referred to as 
n-qubit “real 2-value states”. It is clear that the REWS’s is of the real 2-value states. In this work, 
we will investigate the multipartite entanglement features of the real 2-value states by means of 
the separable degree and the entanglement measure shown in [11]. Subsequently, we will give the 
quantitative and qualitative descriptions of the entanglement dynamics in Grover’s search 
algorithm. 
The paper is organized as follows. In Sec. II we will review the definitions of separable degree, 
and maximum Schmidt number of n-qubit pure states. Moreover, we will study the multipartite 
entanglement features of the real 2-value states by using the separable degree and maximum 
Schmidt number. In Sec. III we will firstly analyze the entanglement properties of the iteration and 
Oracle states that occur in Grover’s search algorithm. Then we will give the quantitative and 
qualitative descriptions of the entanglement dynamics in Grover’s search algorithm. We will 
summarize the results in Sec. IV. 
 
II. Multipartite entanglement and real 2-value states 
A. Separable degree 
In this section we will review the definitions of separable degree [10]. Suppose ψ  is a pure 
state of n qubits. If ψ  can be written as a tensor product of pure state(s) of k individual 
subsystem(s), then ψ  is called k-separable. Denote by kS  the set of k-separable states, then 
it is obvious that 2 1...nS S S⊂ ⊂ ⊂ . If 1k kS Sψ +∈ −  where {1, 2,..., 1}k n∈ − , then 
( ) kδ ψ ≡  is called by the separable degree of ψ . Moreover, ( ) nδ ψ =  if and only if 
nSψ ∈ . If ( ) 1δ ψ = , then nψ is called fully entangled. If ( ) nδ ψ = , then nψ is 
fully separable. If 3n ≥ and ( ) {2,3,..., 1}nδ ψ ∈ − , then ψ  is called by a partially 
separable state. In the following, we only consider 3n ≥  to be always satisfied. 
 
B. Qualitative analysis 
In this section we will study the multipartite entanglement features of the real 2-value states by 
using the separable degree. If
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Lemma 1. The state in (4) is fully separable if and only if it satisfies one of the following 
conditions: (i) 
1(1) 1f − = ; (ii) there exist {1,2,..., 1}m n∈ − and {0,1}n mω −∈ such that 
1(1) 2mf − =  and 
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Poof: (if) It is obvious. (only if) Since the state in (4) is fully separable, it can be written into the 
form ( )
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either i iα β= or 0i iα β⋅ = . Denote by m the number of i iα β=  . Thus {1,2,..., 1}m n∈ −  
and 
1(1) 2mf − = .□ 
Obviously, for
1(1) {0,2 }nf − ∉  and 0b =  we can also get similar result. If a b= − , we can 
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which is of the REWS’s. [8] and [10] have qualitatively analyzed the multipartite entanglement of 
the above states in detail. 
Lemma 2. Suppose 
1(1) {0,2 }nf − ∉ , a b≠ −  and 0a b⋅ ≠ . If 2ψ is 2-separable, it is of 
the following form 
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where {1,2,...,n-1}k∈ , {0,1}n kS T −=∪ , S T = Φ∩ and 1(1) 2kT f −= . 
Proof: Since 2ψ  is 2-separable, there exists {1,2,...,n-1}k∈  such that 
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any ,i j , it is clear that 0i jα β⋅ ≠  since 0a b⋅ ≠ . Assume that both 
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  According to the above lemma, for any 
1(1) {0,2 }nf − ∉  the number of 2-separable states is 
given by ( )1 12 , (1) 2nnB f− − . Therefore, if 1 2(1) <2nf − , the faction of 2-separable states is 
obtained by
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  where B denotes the binomial coefficient [8]. We 
can conclude that for any ( )1 2(1) 0,2nf − ∈  the states in (3) are almost fully entangled. 
Moreover, according to the above lemma we can also get the following conclusions. 
Theorem 3. Suppose 
1(1) {0,2 }nf − ∉ , a b≠ −  and 0a b⋅ ≠ . Then 
(i) 2ψ  is fully separable if and only if 1 1(1) 2nf − −= and 2ψ is one of the forms 
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(ii) If 
1(1)f −  is odd, 2ψ  is fully entangled. 
(iii) If 
1(1) 2 (2 1)qf p− = +  where p∈ and q +∈ , 2ψ  is fully entangled or 
k-separable with 2k ≥ . If 2ψ is k-separable, then +1k q≤  and it is of the 
form ( )
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S T = Φ∩  and 
12 (2 1)q kT p− += + . 
   
C. Quantitative analysis 
In this section we will use the measure of entanglement shown in [11] to quantify the 
multipartite entanglement of the real 2-value states. Let ( )χ ψ  be the maximum Schmidt 
number of the n-qubit pure state ψ  over all possible bipartite splitting :A B of n qubits, i.e.,  
( ) ( )max B
A
rank Trχ ψ ψ ψ ≡   ,                        (7) 
which fulfills the following properties: (i) ( ) 2{1, 2,..., 2 }nχ ψ   ∈ , with ( ) 1χ ψ =  if and 
only if it is fully separable; (ii) ( ) ( ) ( )' 'χ ψ ψ χ ψ χ ψ⊗ = ⋅ ; (iii) ( )χ ψ  decreases 
under LOCC or SLOCC. Then the entanglement measure of ψ  is defined by 
( ) ( )( )2logEχ ψ χ ψ≡  which is an entanglement monotone [12] under LOCC or SLOCC. 
In this section, we quantitatively investigate multipartite entanglement properties of the real 
2-value states 2ψ in (3) by directly using the maximum Schmidt number ( )2χ ψ . According 
to the conclusions in Sec. B and the properties of the maximum Schmidt number, we can get 
several results as follows. 
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1(1) {0,2 }nf − ∈ , then =1χ . 
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Obviously, for
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Now, we only prove the results (iv) in thereom 6 and (iv) in thereom 7. 
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The reduced density matrix ( )2 2BTr ψ ψ for any bipartite splitting :A B , where m qubits are 
in A and n-m inB , is given 
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Since 0a b⋅ ≠ , ( )2 2 2Brank Tr ψ ψ  =  .□ 
  In the following section we will investigate the entanglement properties of the iteration and 
Oracle states that occur in Grover’s search algorithm according to the conclusions in this section. 
Subsequently, we will give the quantitative and qualitative descriptions of the entanglement 
dynamics. 
 
III. Entanglement dynamics of Grover’s search algorithm 
In this paper, we adopt the quantum circuit shown in [1] to implement Grover’s search 
algorithm. We only consider the multipartite entanglement of the first n qubits in Grover’s search 
algorithm. The initial state is 0
n⊗
which is fully separable and 1χ = . Subsequently, the state 
0
Gψ is achieved by applying the Hadamard transformation nH ⊗ in the first n qubits, where 
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 Grover iterationsG PO≡ , where P is the inversion about mean operation 
0 02
G G Iψ ψ − , are performed. The iteration and Oracle states achieved by applying Grover 
iterations are respectively shown in the forms (1) and (2). Finally, we can get one of the desired 
solution(s) with high probability 
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by measuring the first n qubits. Thus the states draw 
a picture of the dynamics of Grover’s search algorithm as follows. 
0 1 10 ...
nn H O P O O PG O G O G
R Rψ ψ ψ ψ ψ
⊗⊗
→ → → → → →    (8)  
If 
1 1(1) 2nf − −≥ , 0R = . Thus one of the desired solutions is given with probability at least 1
2
. 
Note that
1(1)f − can be approximately obtained by quantum counting algorithm [1]. In the 
following, we only consider the condition 
1 1(1) {1,2,..., 2 1}nf − −∈ −  to be always fulfilled. We 
will study the multipartite entanglement description of the dynamics of Grover’s search algorithm 
for
1 1(1) 2nf − −< . 
Lemma 8. For any {1, 2,..., }k R∈ ,
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A. Qualitative analysis 
According to the conclusions in Sec. II B, we can get the following results. 
Thereom 9. Suppose 
1(1)f −  is odd. Then 
(i) All of 1
Oψ , 1Gψ ,…, 1ORψ − , 1GRψ − and ORψ  are fully entangled.  
(ii) If cos[(2 1) / 2] 0R θ+ ≠ , GRψ  is fully entangled. Otherwise, GRψ  is fully 
entangled or partially separable, but it is not fully separable. 
Thereom 10. Suppose 
1(1) 2 (2 1)qf p− = +  where p∈ andq +∈ . Then 
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where {2,..., +1}k q∈ , 1{0,1}n kS T − +=∪ , S T = Φ∩  and 
12 (2 1)q kT p− += + . Then all 
of 1
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cos[(2 1) / 2] 0R θ+ ≠ , GRψ  is k-separable. Otherwise, GRψ  is j-separable with j k≥ . 
(iii) 
G
Rψ  is fully separable if and only if cos[(2 1) / 2] 0R θ+ = , 0p =  and 1Oψ  is 
q+1-separable.  
  Note that the multipartite entanglement of the real equally weighted states is very complex 
if
1 /2(1) 2 (2 1) 2q nf p− = + ≥ and 1p ≥  [10]. Thus 1
Oψ  with ( )1 2O kδ ψ = ≥  might have 
different form with the one shown in (9), which implies that all separable degrees of 
1
Gψ , 2Oψ …, 1GRψ −  and ORψ  might be smaller than k though 1Oψ  is k-separable. 
 
B. Quantitative analysis 
According to the conclusions in Sec. II B and C, we can get several results as follows. 
Thereom 11. Suppose 
1(1)f −  is odd. Then 
(i)
( ) ( ) ( ) ( ) ( ) ( ){ }211 1 1 1, ,..., , , 2,3,...,min (1) 1,2 nO G O G OR R R fχ ψ χ ψ χ ψ χ ψ χ ψ  −  − − ∈ + .  
In particular, ( ) ( ) ( ) ( ) ( )1 1 1 1... 2O G O G OR R Rχ ψ χ ψ χ ψ χ ψ χ ψ− −= = = = = =  if 
1(1) 1f − = . 
(ii) ( ) 1GRχ ψ = if and only if cos[(2 1) / 2] 0R θ+ =  and 1(1) 1f − = .  
Thereom 12. Suppose 
1 /2(1) 2 (2 1) 2q nf p− = + <  where p∈ andq +∈ . Then 
(i) Suppose 1
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( ) ( ){ }212,3,...,min (1) 1,2 nOR fχ ψ  −  ∈ + . If cos[(2 1) / 2] 0R θ+ ≠ , ( )GRχ ψ  
( ){ }212,3,...,min (1) 1, 2 nf  −  ∈ + . Otherwise, ( ) ( ){ }212,3,...,min (1) , 2 nGR fχ ψ  −  ∈ . 
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∑ ∑  is fully entangled. Then 
( ) ( ) ( ) ( ) ( ) ( ){ }( 1)/21 1 1 1, ,..., , , 2,3,...,min 1, 2 n kO G O G OR R R Tχ ψ χ ψ χ ψ χ ψ χ ψ − +  − − ∈ + . 
If cos[(2 1) / 2] 0R θ+ = , 0p =  and 1Oψ  is q+1-separable, ( ) ( )1 1 ...O Gχ ψ χ ψ= =  
( ) ( ) ( )1 1 2O G OR R Rχ ψ χ ψ χ ψ− −= = = = . Moreover, if cos[(2 1) / 2] 0R θ+ ≠ , ( )GRχ ψ  
( ){ }( 1)/22,3,...,min 1,2 n kT − +  ∈ + . Otherwise, ( ) ( ){ }( 1)/21,2,3,...,min , 2 n kGR Tχ ψ − +  ∈ . 
(iii) ( ) 1GRχ ψ =  if and only if cos[(2 1) / 2] 0R θ+ = , 0p =  and 1Oψ  is 
q+1-separable.  
  
IV. Conclusions 
As shown in Tab. 1, we give the quantitative and qualitative descriptions of the entanglement 
dynamics of Grover’s search algorithm. Suppose ( )1 /2(1) 0,2nf − ∈ . For most instances, it is 
clear that cos[(2 1) / 2] 0R θ+ ≠ . Thus the separable degrees of 1Oψ , 1Gψ ,…, 
O
Rψ and GRψ  are invariable. Since for most instances, 1Oψ  is fully entangled [8, 10] and 
then 1
Gψ ,…, ORψ and GRψ  are also fully entangled. Thus the dynamics of Grover’ search 
algorithm is almost “filled” by the fully entangled states. And the maximum Schmidt numbers of 
1
Oψ , 1Gψ  ,…, ORψ and GRψ  have the same range. In particular, if 
( )1 11(1) 2 Of δ ψ −− = , 
all maximum Schmidt numbers of 1
Oψ , 1Gψ  ,…, ORψ and GRψ  are equal to 2. 
 
Table 1. The quantitative and qualitative descriptions of the entanglement dynamics in Grover’s 
search algorithm, where  ( ){ }1 / 22,3,...,min (1) 1, 2 nA f −= + ,  ( ){ }1 1 ( 1) / 22,3,...,min (1) 2 1, 2k n kB f − − − += + , 
 ( ){ }1 / 2' 2,3,...,min (1) , 2 nA f −=  and  ( ){ }1 1 ( 1) / 2' 2,3,...,min (1) 2 , 2k n kB f − − − += . 
G
Rψ  
1
Oψ  1Gψ  … 1ORψ −  1GRψ −  ORψ  
cos[(2 1) / 2] 0R θ+ ≠  cos[(2 1) / 2] 0R θ+ =  
1
(1)f
−  
1{1,2,...,2 1}n−∈ −  δ  χ  δ  χ  … δ  χ  δ  χ  δ  χ  δ  χ  δ  χ  
1 1 2 1 2 … 1 2 1 2 1 2 1 2 n 1 
2 1p + , p +∈  1 A∈  1 A∈  … 1 A∈  1 A∈  1 A∈  1 A∈  {1, 2,..., 1}n∈ −  'A∈  
1 A∈  1 A∈  … 1 A∈  1 A∈  1 A∈  1 A∈  {1, 2,..., 1}n∈ −  'A∈  
{2,3,..., }k q∈  B∈  k B∈  … k B∈  k B∈  k B∈  k B∈  { , 1,..., 1}k k n∈ + −  'B∈  2
q , q +∈  
q+1 2 q+1 2 … q+1 2 q+1 2 q+1 2 q+1 2 n 1 
1 A∈  1 A∈  … 1 A∈  1 A∈  1 A∈  1 A∈  {1, 2,..., 1}n∈ −  'A∈  /22 (2 1) 2q np + < , 
,p q +∈  {2,3,..., 1}k q∈ +  B∈  k B∈  … k B∈  k B∈  k B∈  k B∈  { , 1,..., 1}k k n∈ + −  'B∈  
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